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Abstract A sup-preserving map f between complete lattices L and M is regular if
there exists a sup-preserving map g from M to L such that fgf = f . In the class
of completely distributive lattices, this paper demonstrates a necessary and sufficient
condition for f to be regular. When L = M is a power set, our theorem reduces
to the well known Zareckiı˘’s theorem which characterizes regular elements in the
semigroup of all binary relations on a set. Another application of our result is a gen-
eralization of Zareckiı˘’s theorem for quantale-valued relations.
Keywords Sup-preserving map · Regular map · Complete distributivity · Regular
relation · Quantale · Quantale-valued relation
1 Introduction
A morphism A f−→ B in a category C is regular if there is a morphism B g−→ A in C
with fgf = f (cf. [4]).
The purpose of this paper is to examine regular morphisms in the category Sup
whose objects are all complete lattices and whose morphisms are all sup-preserving
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maps (cf. [3]). We give a sufficient condition for a morphism of Sup to be regular
as well as a necessary one. Both these conditions involve complete distributivity, so
that—when gathered together—they provide a characterization of regular morphisms
of the category of all completely distributive lattices and their sup-preserving maps
(see Theorem 3.1). Our result can be viewed as a non-atomic generalization of the
famous Zareckiı˘’s theorem which characterizes regular elements in the semigroup of
all binary relations on a set (cf. [14]). As a matter of fact, we generalize a recent ex-
tension of Zareckiı˘’s theorem stated in [12] which characterizes regular morphisms in
the category of all relations. We recall that ρ ⊆ X × Y is called regular if there exists
σ ⊆ Y × X such that ρσρ = ρ. The result of [12] says: A relation ρ ⊆ X × Y is reg-
ular iff the lattice {ρ(A) |A ⊆ X} is completely distributive (see Sect. 2 for notation
if needed and cf. Note 1.2 below). In the case X = Y we have the just mentioned
Zareckiı˘’s theorem. It may be remarked that with an idempotent ρ ⊆ X × X (i.e.
ρρ = ρ), the Zareckiı˘’s theorem is already seen in [9].
Another application of Theorem 3.1 is a generalization of Zareckiı˘’s theorem for
quantale-valued relations (see Theorem 4.3).
The extensive literature related to Zareckiı˘’s theorem include [1, 5, 8, 11–13]
among others. In particular, alternative proofs are given in [1, 11, 13] all of which
use the fact that (2X,⊆) is an atomic completely distributive lattice (2X is the power
set of X).
Note 1.1 When saying that a morphism f of Sup is regular with fgf = f , we of
course mean that g is a morphism of Sup too. We recall that in Set each map is
regular (cf. [4]).
Note 1.2 Let L f−→ M be a morphism in Sup. Then the range f (L) is a complete
lattice w.r.t. the partial ordering inherited from M and sups in f (L) are formed in M ,
but in general not infs. Obviously, f (L) together with the inclusion map is the image
of f w.r.t. the (extremal epi, mono)-factorization property in Sup. In this context,
saying that f (L) is completely distributive simply means that the complete lattice
f (L) is completely distributive.
2 Binary relations as sup-preserving maps
Consider the category Rel whose objects are sets and ρ : X ⇁ Y is a morphism if
ρ ⊆ X×Y . The composition of ρ ⊆ X×Y and σ ⊆ Y ×Z is the relation σρ ⊆ X×Z
where
σρ = {(x, z) ∈ X × Z | ∃y ∈ Y : (x, y) ∈ ρ and (y, z) ∈ σ }.
Given ρ ⊆ X × Y and A ⊆ X, let ρ(A) be defined by ρ(A) = ⋃x∈A ρ(x) where
ρ(x) = {y ∈ Y | (x, y) ∈ ρ}. The assignment A −→ ρ(A) preserves arbitrary unions,
hence {ρ(A) |A ⊆ X} is a complete lattice w.r.t the partial ordering inherited by 2Y .
Thus, each ρ ⊆ X × Y determines a union-preserving map 2X (ρ)−−−→ 2Y by
(ρ)(A) = ρ(A).
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Conversely (cf. [2, 6]), any map 2X f−→ 2Y determines (f ) ⊆ X × Y by
(x, y) ∈ (f ) ⇔ y ∈ f ({x}).
If f is union-preserving, then  sends (f ) back to f (cf. property (2) below). The
category Rel is isomorphic to a full subcategory of Sup. In fact, the following hold:
Proposition 2.1 Let ρ ⊆ X×Y and σ ⊆ Y ×Z be relations, let 2X f−→ 2Y g−→ 2Z
be arbitrary maps. Then:
(1) (σρ) = (σ)(ρ) and (gf ) = (g)(f ),
(2) ((ρ)) = ρ, and ((f )) = f provided f is union-preserving.
From Proposition 2.1 we immediately obtain:
Fact 2.2 The following statements hold:
(1) A relation ρ ⊆ X × Y is regular iff 2X (ρ)−−−→ 2Y is regular.
(2) A union-preserving map 2X f−→ 2Y is regular iff (f ) ⊆ X × Y is a regular
relation.
The Zareckiı˘’s theorem (in its more general version of [12]) can now be formulated
as follows:
Theorem 2.3 A union-preserving map 2X f−→ 2Y is regular iff f (2X) is a com-
pletely distributive lattice.
This formulation is an invitation to consider it in a more general lattice-theoretic
setting by replacing the power sets by completely distributive lattices (see Theo-
rem 3.1). We recall that the proofs of Zareckiı˘’s theorem given in [1, 11, 13] make
an essential use of the fact that 2X is an atomic completely distributive lattice. The
proof of Theorem 3.1 is valid for arbitrary completely distributive lattices and is thus
different from all of them.
3 Regular and sup-preserving maps
It is well known that a complete lattice L is completely distributive iff Lop is. In














Given a complete lattice L, we write a  b iff, whenever C ⊆ L and b ≤ ∨C, there




{b ∈ L |b  a}
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for each a ∈ L. For all a, b, c, d ∈ L the following hold (cf. [3]):
(1) a  b implies a ≤ b,
(2) c ≤ a  b ≤ d implies c  d ,
(3) a  b implies a  c  b for some c ∈ L.
The following is our generalization of the Zareckiı˘’s theorem.
Theorem 3.1 Let L and M be completely distributive lattices, and let L f−→ M be
sup-preserving. Then f is regular iff f (L) is a completely distributive lattice.
Since both the if part and the only if part of Theorem 3.1 hold true in a more
general setting, we wish to split the theorem into two propositions from which Theo-
rems 3.1 follows immediately. In fact, the only if part is also valid for L a continuous
lattice (cf. Remark 3.4).
Proposition 3.2 Let L and M be complete lattices, and let L f−→ M be sup-
preserving. If both M and f (L) are completely distributive, then f is regular.
Proof For every y ∈ M we define Ay = {c ∈ L |y ≤ f (c)}. Then we put
Gy =
{












for all x ∈ M . Let A ⊆ M . By using (1)–(3), we have y  ∨A iff y  x for




x∈A g(x), hence g is sup-
preserving.
In order to verify fgf = f we proceed as follows. As f is sup-preserving we
have
∧










= fgf (a), a ∈ L.














y ≤ fgf (a)
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follows. On the other hand y  f (a) implies y ≤ f (a), and consequently f (a) ∈
f (Ay). Because of
∧
f (Ay) ≤ f (a) the relation fgf (a) ≤ f (a) holds. 
Proposition 3.3 Let L and M be complete lattices, let L f−→ M be sup-preserving.
If f is regular and L is completely distributive, then f (L) is completely distributive
too.
Proof Let fgf = f where M g−→ L is sup-preserving, and let a ∈ L. Then gf (a) ∈
L and by complete distributivity of L we have
gf (a) =
∨
{b ∈ L |b  gf (a)}.
We now check that b  gf (a) in L implies f (b)  f (a) in f (L). Indeed, if f (a) ≤∨
f (C) for some C ⊆ L, then gf (a) ≤ ∨gf (C) and there is a c ∈ C such that
b ≤ gf (c). This yields f (b) ≤ f (c), so that f (b)  f (a). Consequently,
f (a) = fgf (a)
≤
∨
{f (b) |f (b)  f (a)}
≤
∨
{y ∈ f (L) |y  f (a)}
≤ f (a).
We have proved that  has the approximation property in f (L). 
Remark 3.4 We recall that a complete lattice L is continuous if a = ∨{b ∈ L |b 	 a}
for all a ∈ L, where b 	 a iff, whenever a ≤ ∨A for some A ⊆ L, there exists a finite
subset D ⊆ A such that b ≤ ∨D. Every completely distributive lattice is continuous
(see [3]). It is not difficult to observe that Proposition 3.3 maintains its validity for
the relation 	 and continuous lattices.
4 A quantalic version of Zareckiı˘’s theorem
In what follows we extend our previous considerations in Sect. 2 from the two-valued
to the many-valued setting. More specifically, we will replace maps 2X −→ 2Y by
maps LX −→ LY where the complete lattice L replaces the two point lattice 2. Here
and elsewhere LX is the set of all maps from X into L ordered pointwisely.
For this purpose we first recall that a triple Q = (Q,≤,&) is called a quantale if
(Q,≤) is a complete lattice, (Q,&) is a semigroup, and & distributes over arbitrary
sups in both variables (cf. [10]). We begin with the following example (cf. [6, 7]).
Example 4.1 (Quantale Q(L)) Let L be a complete lattice. On the set Q(L) of all
sup-preserving self-maps on L we define a partial ordering ≤ in a pointwise way.
Then (Q(L),≤) is again a complete lattice. In particular, the sup of S ⊆ Q(L) is
given by (
∨ S)(a) = ∨σ∈S σ(a) for all a ∈ L. The composition
(σ1 &σ2)(a) = σ2(σ1(a)), a ∈ L,
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induces a semigroup operation & on Q(L) so that the resulting triple Q(L) =
(Q(L),≤,&) becomes a quantale (in fact, a unital quantale—a detail not needed
for our purposes).
Let Q be an arbitrary quantale, and X and Y be sets. A Q-valued relation R :
X ⇁ Y is a map X × Y R−→ Q. The composition of Q-valued relations R : X ⇁ Y





When L = 2, the category of all Q(L)-valued relations can be identified with Rel
because Q(2) is just the two-point lattice.
Now we observe that each Q(L)-valued relation R : X ⇁ Y determines a sup-





On the other hand, each sup-preserving map LX ϕ−→ LY induces a Q(L)-valued
relation X × Y (ϕ)−−−→ Q(L) defined for all a ∈ L,x ∈ X, and y ∈ Y by




a, z = x,
⊥, z = x
and ⊥ is the bottom element of L. The following provides a Q(L)-valued counterpart
(in fact, a generalization from 2 to L) of Proposition 2.1.
Proposition 4.2 Let R : X ⇁ Y and S : Y ⇁ Z be Q(L)-valued relations, and let
LX
ϕ−→ LY ψ−→ LZ be arbitrary maps. Then:
(1) (SR) = (S)(R) and (ψϕ) = (ψ)(ϕ),
(2) ((R)) = R, and ((ϕ)) = ϕ provided ϕ is sup-preserving.
Proof The proofs of (1) and the first part of (2) follows immediately from the defini-
tions of all the involved compositions. Proving the second part of (2) requires a simple
observation that each f ∈ LX has the following decomposition: f = ∨x∈X f (x)1x .













for all f ∈ LX and y ∈ Y . 
When L is completely distributive, then so is LX . Using Theorem 3.1 and Propo-
sition 4.2 (also cf. Note 1.2), we obtain our quantalic analogue of Zareckiı˘’s theorem
which when L = 2 yields the characterization of regularity of usual relations as given
in Theorem 2.3.
Theorem 4.3 Let L be a completely distributive lattice. Then a Q(L)-valued relation
R : X ⇁ Y is regular iff (R)(LX) is a completely distributive lattice.
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